
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 23, No. 1, January–February 2000

Precision Spacecraft Pointing Using Single-Gimbal
Control Moment Gyroscopes with Disturbance

Christopher J. Heiberg¤ and David Bailey†

Honeywell, Inc., Phoenix, Arizona 85382
and

Bong Wie‡

Arizona State University, Tempe, Arizona 85287-6016

Whereas previous work has shown that gain stabilization methods in the attitude control of spacecraft can
mitigate external disturbances of a � xed frequency, recent work in cases where the frequency of the disturbance is
time variant is summarized here. Speci� cally, the applicationof gain stabilization in the form of a variableperiodic
disturbance rejection � lter is shown to be a viable method of mitigating these disturbances. To use this � lter for the
time-variant case, the character of the source of the disturbance needs to be known a priori with some accuracy.
An implementation for a spacecraft steered by single-gimbal control moment gyroscopes where the disturbance
is related to the gimbal rate is demonstrated. In addition, performance of the subject � lter is demonstrated in the
presence of estimation error and phase shift.

Introduction

S INGLE-GIMBAL control moment gyroscopes (SGCMGs)
store angular momentum that can be extracted on demand

through the precessionof the angular momentum vector. SGCMGs
manifest the momentum vector in a rotating inertial mass contained
in a gimbal that is supported by high-capacity bearings. A gimbal
torquer module is used to produce the commanded gimbal rotation.
The primary advantageSGCMGs haveover other torque-producing
devicesis torqueampli� cation;outputtorqueresultingfromrotation
of the storedmomentumvector is much greater thanwhat is required
to producegimbal motion. However, angular speed variations in the
gimbal torquer, and thereby the gimbal itself, are also ampli� ed
and transmitted to the satellite as a disturbance commonly called
torque ripple. Frequency content of the torque ripple is generally
predictable; however, due to its dependence on the gimbal angular
rate, it tends to vary over a broad frequency range. Inevitably, dis-
turbance frequencies or their harmonics will coincide with critical
structural modes of the spacecraft bus or payload. To further com-
plicate matters, any SGCMG disturbance frequency content identi-
� ed during ground testing can differ signi� cantly when devices are
mounted in a � exible spacecraft structure and placed in orbit.

The nature of SGCMG disturbanceswill be shown to be basically
periodic, but of a time-varying nature. It has been shown that � xed
externalperiodicdisturbancesactingon a spacecraftcannotbe elim-
inated using conventionalcontroller design without the presence of
an internalmodel of the disturbancein the controller.1 In the case of
the Hubble space telescope (HST), disturbances due to solar panel
modes rendered the instrument incapable of being utilized to its full
potential.Rejectionof periodicdisturbancesin the HST was demon-
strated by adding a model of disturbance in the controller, thereby
providing additional loop gain at the disturbance frequency; subse-
quently, the pointing error was asymptotically driven to zero.2 The
disturbanceon the HST was essentiallyexternal to the platform, and
its nature and frequency were well understood. In Ref. 3, the same
principle was applied for external periodic disturbances where the
frequencies were not � xed and the disturbanceswere both external
and internal to the platform.
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This paper will take a closer look at the sources of these distur-
bances and suggestsome representativemodels. In addition,mitiga-
tion of these disturbanceswill be attempted. This will be evaluated
in two stages, and the methods previously presented in Ref. 3 will
be further evaluated on external disturbances and then applied to
the internal ones. First, the model that is used along with the con-
troller characteristicsis described.The remaining sections describe
the disturbances,mitigation, and results of the models.

Spacecraft and Control Moment
Gyroscope (CMG) Dynamics

The equation of motion of a rigid spacecraftwith momentum ex-
change actuators is given by the following equation:

ÇHS + x £ HS =Text (1)

where HS = (HS1 , HS2 , HS3 ) is the total angular momentum vector
of the spacecraftexpressedin the spacecraftbody-�xed controlaxes,
and Text is the external torque vector including the gravity gradient,
solar pressure, and aerodynamic torques (expressed in the same
axes). The total angularmomentum vectorconsistsof the spacecraft
main body angular momentum and the CMG angular momentum;
that is, we have

HS =J x + h (2)

where J is the inertia matrix of the spacecraft including CMGs,
! = ( x 1, x 2 , x 3) is the spacecraft angular velocity vector, and
h = (h1 , h2 , h3) is the CMG momentum vector expressed in the
spacecraft body-� xed control axes. Combining Eqs. (1) and (2), we
obtain

(J Çx + Çh) + x £ (J x + h) = Text (3)

Furthermore, by introducing the internal control torque vector gen-
erated by CMGs, Eq. (3) simpli� es to

J Çx + x £ J x = u + Text (4)

and

Çh + x £ h = ¡ u (5)

Various attitude control and CMG momentum management sys-
tems can be designed by augmenting these equations with an ad-
ditional set of kinematic differential equations concerning quater-
nions, Gibbs parameters, or Euler angles. Consequently, spacecraft
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Fig. 1 Four CMG array in a three-sided pyramid orientation (three
sides and one on bottom).

control torque input u can be assumed to be known for the subse-
quent steering logic design, and the desired CMG momentum rate
is often selected as

Çh = ¡ u ¡ x £ h (6)

The CMG angular momentum vector h is, in general, a function of
CMG gimbal angles; that is, ± = ( d 1 , . . . , d n ) and h = h( d ). The
time derivative of h is then expressed as

Çh = A( d ) Çd (7)

where

A =
@h
@ d

´ [ @h i

@ d j ] (8)

is a 3 £ n Jacobian matrix. The direction of h is obtained by taking
the cross product of the unit vectors normal to CMG momentum
planes (CMG gimbal axis directions) with the unit vectors de� ning
the gimbal angles with respect to their reference (Fig. 1). Note that
the reference gimbal angles are selected such that initially they are
mutually perpendicular to the momentum vector (rotor spin axis)
and the gimbal axes. Magnitudes associated with h are found from
the individualCMG rotor inertiaand instantaneousoperatingspeed.

The CMG steering logic design is simply to � nd an inversion of
A Çd = Çh, that is, to determine gimbal rates that deliver the com-
manded Çh, while meeting hardware constraints and avoiding singu-
larities. Note that in this CMG steering problem formulation, gim-
bal torquer dynamics, that is effects of gimbal axis inertia, off-axis
coupling, spin vector variation, and structural dynamics, have been
ignored because they are typically much smaller than the control
torque output generated by CMGs. However, because CMG gim-
bal dynamics can be signi� cant, an approximation of the CMG is
utilized. This is simply modeled as a low-pass � lter,

x 2 / (s2 + 2n x s + x 2) (9)

where n = 0.707 and x = 20p (10-Hz CMG loop bandwidth).

Steering Control Law for SGCMGs
Consider a pyramid mounting arrangement of four SGCMGs,

as shown in Fig. 1, in which CMG momentum vectors are con-
strained to the faces of a three-sided pyramid with the momen-
tum plane of the fourth CMG serving as the bottom. The angle
that the momentum planes are rotated from the base is called the
skew angle b i . Gimbal axes of the four CMGs are normal to the

pyramid faces, and the gimbal angles of the CMGs from the ref-
erence are denoted by d i . The last angle de� ned is the rotation of
the plane about the z axis, c i . The system used in this paper is set
up to resemble a pyramid with its apex in the yaw axis resulting
in b = (60, 180, 300, 0) deg and c = (0, 0, 0, 0) deg. Each CMG
is assumed to have the same angular momentum h0 , about its rotor
spinaxis. This minimallyredundantSGCMG con� gurationpresents
a signi� cant challenge for developing singularity-robust steering
laws.4 With d 0 = (35.1, ¡ 29.5, ¡ 4.8, ¡ 59.9) deg, the CMG ar-
ray has a 1h0 momentum bias in the pitch axis (where h0 is the
momentum of a single CMG).

For a chosen or commanded control torque input u, the CMG
momentum rate command Çh is determined as in Eq. (6), and the
gimbal rate command Çd may be obtained as follows:

Çd = A+ Çh = AT (AAT ) ¡ 1 Çh (10)

where A+ is the pseudoinverse of A, often referred to as the
Moore–Penrose pseudoinverse.Most CMG steeringlaws determine
gimbal rate commands with some variant of the Moore–Penrose
pseudoinverse.3 ¡ 8

However, if rank (AAT ) is less than three for certain sets of gim-
bal angles, the pseudoinverse does not exist, and the steering logic
encounters singular states. This singular situation occurs when all
individual CMG torque outputs are perpendicular to the singular
direction. Note that for any system of n CMGs, there are 2n sets of
singulargimbal angles, forwhich no controltorquecan be generated
along particular axes.4,6,9 The result is a loss of control in an axis
perpendicularto the plane. In general, there are two typesof singular
states: 1) hyperbolic states that can be escaped through null motion
and 2) elliptic states that cannot be escaped through null motion.9

Elliptic singular states pose a major dif� culty with SGCMG sys-
tems because they are considered inescapable. Further treatment of
variouspseudoinverse-basedsteeringlogic for SGCMG systemsare
available,4 ¡ 15 and will not be discussedhere. Steering logic tends to
allow the systemto be drivento singularstatesbecausethepseudoin-
verse A+ = AT (AAT ) ¡ 1 is in fact the minimum two-norm vector
solution. An approach to mitigating detrimental effects of singular
states is to employ a singularity-robustinverse as follows:12

Çd = AT (AAT + kI) ¡ 1 Çh (11)

where I is an identitymatrix and k is a small positive scalar constant
to be properly adjusted. Note that the particular solution obtained
from this singularity-robust inverse approach is still orthogonal to
the homogeneoussolution.However, throughsingularvaluedecom-
position, this can be shown to result in a conditionwhere the gimbal
rate commands go to zero when a singular state is encountered.Al-
though this is a safe condition when compared to having in� nite
gimbal rates if k were set to zero, the spacecraft is out of control
until a different torque command is issued.

An agile spacecraftwould typically be required to perform many
different maneuvers; however, the one of greatest interest here is
the long duration rest-to-rest slew maneuver. In this maneuver, the
desired controllerwould achieve smooth eigenaxis rotation, during
which precision pointing is being performed. The same controller
must also be capable of stabilizing the platform when no rotation is
desired.

Spacecraft Attitude Control Logic
To achieve a rest-to-resteigenaxis rotation,with maximum accel-

eration and a constant slew rate, the controller will utilize cascade-
saturation control logic.16 This will result in the desired maneuver
without exceedingprescribed spacecraft rate limits and without sat-
urating the CMGs. The controller will also utilize quaternion feed-
backwhere thequaternionsare associatedwith an eigenaxisrotation
about an Euler axis. For the reduction of the differential equations,
the quaternion vector is denoted as q = (q1, q2, q3 ) and q4 is a
generated angle.

The quaternion kinematic differential equations are given by

Çq = ¡ 1
2
x £ q + 1

2
q4 x (12)

Çq4 = ¡ 1
2
x T q (13)
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It is desired to implement the cascading saturation control so that
the spacecraft does not exceed a prescribed rate about any axis.
In addition, control commands need to be speci� ed such that the
CMGs do not exceed a prescribed gimbal rate. These constraints
are achieved through a saturation function described as follows:

sat
r

(x) = {
x if r (x) < 1

x/ r (x) if r (x) ¸ 1 (14)

where r (x) is a positive scalar function of x that characterizes the
largeness of the vector x. In this case, the norm of the vector will be
used as the positive scalar function.

The torque command is generated as follows:

uC = ¡ sat
r

[K sat(Pq) + C x ] (15)

where K, P, and C are controller gains de� ned by

K = diag(k1, k2 , k3)J (16)

P = K ¡ 1kJ (17)

C = cJ (18)

and

ki = c
j qi (0) j
k q(0) k

x max (19)

k = 2 x 2
n (20)

c = 2n x n (21)

where x n is thedesiredspacecraftcontrolbandwidth, n is the desired
damping ratio for the rest-to-rest maneuver, and only the diagonal
elements of J are used. The speci� c values used in this analysis are
as follows:

J = é
ë

2331 0 0

0 2331 0

0 0 777

ù
û

ft ¢ lb-s2

x max =0.017r / s (1 deg/s), x n =1.0 Hz, n =2, and h0 = 35 ft ¢ lb-s.
Note thatwhen productsof inertia showup in J, the gyroscopiccross
coupling generatesoff-axis torque that is sensed as a disturbanceby
rate sensors and that is easily accommodated under this control.

The system model is illustrated in a MATLAB® Simulink® block
diagram in Fig. 2.

Fig. 2 Block diagram of the spacecraft model with nonlinear external disturbance.

SGCMG Disturbance Description
The higher spacecraft precession rates unique to agile spacecraft

result in high-torquedemand from the gimbal torquermoduledue to
gyroscopiccrosscoupling.To ef� cientlyaccommodatethisdemand,
torquer modules typically contain a gear transmission to multiply
the motor torque. The most common torquer module designs are
angular rate loop controlleddevices.The sources of rate-dependent
disturbances in SGCMGs are easily grouped into two categories:
1) mechanical and 2) electromechanical.Although it is recognized
that electronic noise can also be a contributor, for the scope of this
discussion,disturbancesourceswill be limited to the two most com-
mon sources listed.

Electromechanical disturbances include motor cogging, motor
back electromotive forces (BEMF), commutation or switching er-
rors, and other electrical errors that are within the torquer control
feedback loop. However, the most pervasive electromechanical er-
ror comes from the gimbal rate tachometer. This error manifests
itself in a manner similar to sensor noise and is not controllable by
the torquer itself.

The primary mechanical source of torquer rate ripple is the speed
reduction gears and their supporting rotating elements. Gimbal and
torquer bearings can also provide rate variations due to varying
friction and race defects; however, they tend to be more than an
order of magnitude less than the gear transmission errors.

Electromagnetic Errors
Tachometerstypicallyconsistof a � xed stator and a rotatingmag-

netic rotor.A voltage signalproportionalto angular rate is produced
as the rotatingmagnet passesthe windingsin the stator.Signalerrors
can arise fromcommutationswitching, from physical imperfections
in the windings, or in the geometry of the rotor and stator structures.
Typically,space-rateddevices are meticulouslyhandassembledand
tested to minimize such errors, but the errors cannot be completely
eliminated. Nonhomogeneous magnetic material can in� uence the
� eld, as well as runout errors in the rotor shaft. These errors tend to
manifest themselves as sinusoidal signal disturbances that directly
track rotor speed.Disturbancestend to be at both low (one cycle per
inputshaft revolution) and high frequencies(integermultiplesof the
input shaft speed) because the tachometer is typically collocated
with the torquer motor on the high side of the gear transmission.
Tachometer disturbances can be described by

Td = Çd KG Ed

Ed =
1

n̂ = 1

an sin(n d ) + bn cos(n d ) (22)
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where

Td = disturbance torque in the gimbal axis
KG = forward loop gain
Ed = disturbance voltage
an , bn = scalar constants

There are n discrete disturbance frequenciesand harmonics, where
n can be large. The frequencies are phase dependent on d , where d
is the CMG gimbal angle and the magnitude is a percentage of the
CMG gimbal rate Çd .

As alreadymentioned,the tachometerdisturbanceacts likesensor
noise in the respect that it cannot be controlled by the feedback
loop. This tends to make tachometer ripple the most predominant
disturbance source in the gimbal loop.

Motor cogging occurs when the rotating motor magnets pass the
stator coils, giving rise to a sinusoidal torque on the input shaft.
Frequency content is dependent on the number of windings/poles
in the motor, which by de� nition are even integers. The magni-
tude of the cogging torque is � xed and predominantly a function of
the magnet strength. BEMF, however, is dependent on the driving
current and, thereby, varies approximately as the square of the out-
put torque. When dual-channelmotors are used to phase minimize
the disturbances, frequency content tends to be additive, thereby
reducing the peak-to-peak disturbance, but giving rise to an addi-
tional set of harmonics at twice the fundamental. Two-phase mo-
tors driven by sinusiods tend to have very little disturbance (around
1% at the � rst harmonic), whereas three-phase motors driven by
square waves tend to have about 16% torque ripple (peak-to-peak
magnitude as a percent of the torque output of the motor). Mo-
tor commutation or switching noise can also contribute to mo-
tor torque � uctuation; however, these tend to be secondary distur-
bances. Motor cogging, BEMF, and commutation disturbances can
be modeled similarly to the tachometer noise; however, motor cog-
ging tends to have � xed amplitudes and are in the feedback loop
where their disturbancemagnitudes tend to be less than those of the
tachometer.

Mechanical Errors
By nature,agile spacecrafttend to havehigh-platformbody rates.

These body rates result in a holding torque requirement on the gim-
bal torquerwhena componentof the base rate is mutuallyorthogonal
to the spin and input axes. This holding torque is typically suf� cient
as to warranta gear transmissionin thegimbal torquer.The gears,al-
though high quality, tend to have transmissionerrorsdue to multiple
contributors.A partial list of error types includes:gear tooth pro� le,
index (tooth spacing), gear tooth lead, surface � nish, tooth tip relief
(lack of or too much), insuf� cient transverse or axial contact ratio,
pitchline runout, and misalignment. In addition, gear transmission
errors can be generated throughwear in the gears, de� ections of the
supporting structure, and other secondary contributions.

Transmission disturbancescan be mitigated throughgood design
and manufacturingpractice; however, the effects cannot be feasibly
eliminated.An interestingphenomenonof transmissionerror is that
it tends to be worse (as a percentageof the output torque) at a lower
transmitted torque.17 The periodic component of transmissionerror
decreases with increasing load because the hertzian contact patch
increases in size, thereby increasing the effective tooth-mesh stiff-
ness. Figure 3 shows this effect for successive tooth-mesh cycles.18

From Fig. 3, it can be seen that, at the lower loads, the transmission
error tends to be somewhat sinusoidal in nature, but then degrades
toward a pseudosquarewave at higher loads. The square wave func-
tion, however, tends to be mitigated by a decrease in the disturbance
amplitude with increased load (as a percentage of the transmitted
torque). For practical purposes, only the disturbances at the lower
loads are considered deleterious to spacecraft function and, subse-
quently, can reasonably be modeled as feedforward by

Td =
1

n̂ = 1

an sin(n d ) (23)

Fig. 3 Transmission error shown as displacement at tooth face for 4Dp
spur gear mesh, 1700-lb/in. load.

Fig. 4 Bearing torque disturbance due to race/ball imperfections.

where

Td = disturbance torque in gimbal axis
d = CMG gimbal angle
an = scalar constant at the nth gear train harmonic

Bearings in the gimbal axis can provide torque disturbances that
lead to gimbal rate ripple due to variable friction and raceway/ball
imperfections.19 Raceway imperfections tend to manifest them-
selvesas lobesat integermultipleson the inner- and outer-ballriding
tracks. Because the ball speed is different from the inner and outer
raceways, there are two discrete disturbances at a minimum that
beat togethergiving rise to a lower fundamental frequency.Because
the balls themselvesalso havenonuniformradii and can containsur-
face imperfections,they each tend to contribute to the disturbanceat
their own spin frequency,which gives rise to a fundamental(Fig. 4).
Although the dc componentof bearing friction is on the order of the
gear disturbances, the periodic component tends to be at least an
order of magnitude less. Other sources of torque � uctuation from
gimbalor torquerbearingsare relatedto theconstantmixingof lubri-
cants, typically grease. This contribution is usually at very low fre-
quencies and magnitudes, and their disturbances can be negligible.

Both the electromechanical and mechanical CMG disturbances
are dependent on the gimbal speed and angular position. For this
reason, disturbances are dif� cult to reject using classical control
techniques. The remainder of this paper, through a heuristic ap-
proach, examines the effect of sample disturbances external and
internal to a point-designspacecraft.Through this approach,an im-
provedunderstandingof the in� uenceon spacecraftpointingcontrol
is achieved. It will be demonstrated that periodic disturbances of a
time-variant frequency can be effectively rejected.
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Accommodation of External Variable Torque
In Ref. 3, an external torque disturbanceto a spacecraftwas mod-

eled as an undamped beam with a mass on its end that was retracted
for the duration of 30 s. This resulted in a change in the natural
frequency of the disturbance from 2 to 5 Hz. At the end of retrac-
tion, the beam was allowed to continue oscillating at 5 Hz. For that
heuristic case, the disturbance was applied in only one axis. With
the controller described in the “Spacecraft Attitude Control Logic”
section the spacecraftattitudeoscillatesat thedisturbancefrequency
with a � xed amplitude. Application of the variable periodic distur-
bance rejection � lter (VPDRF) asymptotically drove the spacecraft
rate to zero within a few secondsand tracked the disturbancefor the
remaining maneuver.

The VPDRF design is basedon the internalmodelprinciple20 with
the capabilityof trackingthedisturbancefrequencybasedon knowl-
edge of the source. In the case of the oscillating beam,3 the distur-
bance source could be tracked with the rate gyros on the spacecraft,
or it could be calculated with knowledge of the geometry/length
of the beam. The VPDRF contains an oscillator that matches the
disturbance frequency even though it constantly changes. A lightly
dampedzero is includedto balancethe system.The transfer function
for this � lter is given as

s2 + 2n i kz f ( x )s + [kz f ( x )]2

s2 + 2n f ( x )s + [ f ( x )]2
(24)

where f ( x ) is a functionthat calculatesthe frequencyof theperiodic
disturbance, kz is a multiplier to offset the zero, and n and n i are
damping coef� cients, selected as necessary to achieve the desired
disturbance rejection.

To understand better the performance of this � lter, two cases are
explored: the effectiveness of the � lter in calculating disturbance
frequency in the presence of an estimation error, and the ability of
the � lter tracking a variable disturbance on a varied rate of change.
This is accomplishedby increasingthemodel’s rateof beamretrieval
(Ref. 3), andcomparingthe performanceto the estimationerrorcase.

a) Under the in� uence of the external disturbance c) With 5% estimation error

b) With VPDRF with 1% estimation error d) With no estimation error

Fig. 5 Spacecraft body rates.

The VPDRF assumes the variable periodic disturbance knowl-
edge of the source a priori. The knowledge is used to calculate an
estimation of the disturbance frequency; however, there is always
some level of error associated with estimation. An error is added
to the frequency estimation of the model (Ref. 3) for evaluation. In
Fig. 5, the in� uence of 1 and 5% estimation errors on the attitude
of the spacecraft are compared with zero estimation error and the
baseline disturbance. It is evident from the results that, with mini-
mal estimation error, some level of sustained periodic disturbance
remains. However,when compared to the body rates under the same
disturbancewith no VPDRF, even 5% estimation error results in an
approximate order of magnitude disturbance rejection.

Similarly, the effects of decreasing the time it takes to perform
the maneuver in Ref. 3 have only a small deleterious affect on the
performance.Figure 6 shows the effects of retracting the oscillating
beam in 10, 5, and 2 s. When compared to the original retract time

Fig. 6 Spacecraft body rate in principle axis under the in� uence of the
disturbance of an oscillating beam being retracted in different times.
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(Fig. 5), it is evident that the amplitude of the sustained periodic
disturbance increases only slightly with the decreased retract time.

Comparing the results of Fig. 6 to Fig. 5 gives insight into the
nature of the � lter. From Fig. 6, the tracking ability of the � lter
is in� uenced by the rate of change that can be expressed as be-
ing equivalent to a percent of estimation error. By examination, a
rate of change in the disturbance frequency of 1.5 Hz/s is approx-
imately equivalent to a 1% estimation error. This can be improved

Fig. 7 Block diagram of CMG dynamics with ripple disturbance.

Fig. 8 Tachometer rate ripple.

by increasing the bandwidth of the balancing zero in the VPDRF;
however, the trade is a longer settling time.

Accommodation of CMG Ripple Dynamics
The computer model for this investigation is similar to that used

in Ref. 3 with the addition of CMG rate ripple modeled for mo-
tor and tachometer disturbances (Figs. 7–9, block diagrams). The
spacecraft body rates and the CMG torque for the baseline system
in the absence of disturbances (Fig. 10) given an initial quaternion
displacementof q = (0.174, 0, 0) rad and a 1 deg/s spacecraft slew
rate to represent a high-rate, precision-pointingmaneuver. Because
the system chosen has a momentum bias of 1h0, the gimbal angles
at the end of the maneuver are different from the starting angles as
a result of the system’s need to preserve the bias with respect to
the inertial reference.Without rate ripple disturbancesin the model,
the slew rates are smooth, as are the torque requirements.Note that
in a zero bias system, CMG angles will remain constant during the
slew. However, in the presenceof a momentum bias, the CMG array
maintains the bias vector throughoutthe maneuver,which results in
changes in CMG angles. It is the errors manifested in this motion
that results in rate ripple that in turn is realized as torque ripple on
spacecraft.

Because torque output from the CMG array is dependenton indi-
vidual momentum vector orientations,as the gimbal angles change,
so do the command rates. In a CMG application,gimbal rate ripple
that is realized as torque ripple is transmitted to the spacecraft as a
function of the gimbal rate due to the errors described earlier. The
result is a disturbancethat is periodicin nature,but whose frequency
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Fig. 9 Motor cogging induced-rate ripple.

Fig. 10 Baseline slew maneuver without disturbances for q = (0.174,
0, 0).

is constantly changing. It is during slew maneuvers when the most
stable pointing requirements are typically present. Torque ampli� -
cation of the ripple becomes dif� cult to control because the sources
of the ripple (CMGs) are also the devices being used to mitigate
torque disturbances.

In Ref. 3, the ripple was modeled as a feedforward effect (repre-
sentative of gear noise, for example) as

Çd j
d

dt
[d j + B j sin(n d j )] (25)

Fig. 11 Slew manuever with CMG motor disturbances for q = (0.174,
0, 0).

where

B j = magnitude of the rate ripple at the nth harmonic
n = harmonic or multiple of the CMG rate

In that case, the ripple was effectively mitigated through the imple-
mentationof the VPDRF. However,when the ripple is modeledsuch
that it is included in the CMG feedback loop, the problem is more
pervasive in nature and much more dif� cult to mitigate. For the � rst
case, the CMG disturbancewas modeled as a single harmonic com-
ponent of motor cogging ripple (refer to Fig. 9) that is a function
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of gimbal position. The ripple is realized as a rate disturbance in
the CMG forward loop, which is compoundedby the feedback.The
result is a disturbance that is nonlinear and does not necessarily re-
semble a sinusoid, but is periodic in nature. Because the ripple does
not exhibitclassicalsinusoidalcharacteristics,it is more dif� cult for
the VPDRF to reject. Figure 11 shows the highly nonlinear effect
the rate ripple has on the slew maneuver. The ripple chosen here is
a multiple of 720 of the gimbal angle and a magnitude of 0.5 ft ¢ lb.
This would be indicative of a gimbal motor with 720 poles. In ac-
tual practice, the polesnumber much less than that. However, in this
heuristic case, the higher frequencyaffords a better visualizationof
the in� uence of CMG disturbances and demonstrates robustness
with respect to the disturbance frequency rate of change.

The net impact of the CMG ripple can best be visualized by
calculating the pointing error at a � xed distance. For the system
described at steady state, the pointing error at an arbitrary distance
of 100 miles during a portion of the slew maneuver is shown in
Fig. 12.

With the addition of the variable periodic disturbance rejection
� lter (one for each disturbance on a CMG), the body rates are re-
duced, but not as well as was achieved in Ref. 3 for feedforward
disturbances. The pointing error is reduced approximately an or-
der of magnitude without exceeding the CMG output torque limit
(Fig. 12). Such an improvement in motor ripple performance can
allow a lower cost torque motor implementation in a CMG, i.e. uti-
lizationof a three-phase torque motor in lieu of a two-phase design.

A second case is examined for tachometer ripple. As stated ear-
lier, tachometer ripple is analogous to sensor noise that cannot be

Fig. 12 Affect of VPDRF on pointing error at 100 mile.

Fig. 13 Bode plot for VPDRF at an instantaneousdisturbance location
of 1 Hz, kz = 0.9999, ³1 = 0.025, and ³2 = 0.004.

accommodated by the feedback loop. However, the disturbance is
detected by spacecraft rate sensors, and therefore, the content is in
the torque command. Implementationof the VPDRF helps mitigate
the disturbance by commanding more authority to the motor at the
tachometer disturbance frequency; however, the bene� t is minimal
becausethe mitigatingaction of the motor simply generatesa higher
frequency tachometer disturbance.

The in� uenceof theVPDRF gainsandbandwidthhaveshownthat
excessive gain or too wide a bandwidth is undesirableand can lead
to oscillationin the absenceof disturbances.Both the bandwidthand
gain are most easily selected by adjusting kz and the pole and zero
damping factors. The best results for the test cases were achieved
where the � lter gain was between 10 and 20 and the bandwidth of
the � lter was less than 0.01 f ( x ) (Fig. 13).

Finally, note that although stability of nonlinear systems is, in
the classical sense, dif� cult to prove directly, the � lter is pointwise
Lyapunov stable by design, and with proper parameter constraints,
it can be shown stable over the CMG bandwidth.

Conclusions
CMG actuation of spacecraft is known to be a viable and cost

effective means to control the attitude of long-life, agile spacecraft.
Although previous research has addressed the implementation of
CMG control laws, none of the papers on the topic speci� cally ad-
dressed the effects of torque ripple on the pointing performance
of the spacecraft and the related control implications. In fact, the
use of the CMG gives rise to time-variant (internal) torque distur-
bances on the host spacecraft. In the case of internal disturbances
from the CMG, characterization of the rate ripple in the feedback
loop was shown to be more dif� cult to reject than feedforward dis-
turbances. With CMG disturbance mitigation of up to an order of
magnitudedemonstrated,the VPDRF has been shown to be a viable
method for mitigating most internal disturbances.Considerationof
this � lter in the CMG control of agile spacecraft leads to the po-
tential of reducing performance requirements of some of the CMG
electromagnetic components and, thereby, the associated complex-
ity and cost. In the case of external disturbances, the application of
the VPDRF was demonstrated as extremely effective and robust.
However, because most external disturbances are not time variant,
this application may be moot. Stability of the � lter is dif� cult to
prove directly. However, because it can be implemented as point-
wise Lyapunov stable over the CMG bandwidth, demonstration of
stabilitycanbe achieved.Disturbances,linear and nonlinear,outside
of the CMG control bandwidthcan be effectivelymitigated through
structural isolation of the CMG array or spacecraft payload.
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